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We use molecular dynamics to study the vibrations of a thermally fluctuating two-dimensional
elastic membrane clamped at both ends. We directly extract the eigenmodes from resonant peaks
in the frequency domain of the time-dependent height and measure the dependence of the corre-
sponding eigenfrequencies on the microscopic bending rigidity of the membrane, taking care also of
the subtle role of thermal contraction in generating a tension when the projected area is fixed. At
finite temperatures we show that the effective (macroscopic) bending rigidity tends to a constant
as the bare bending rigidity vanishes, consistent with theoretical arguments that the large-scale
bending rigidity of the membrane arises from a strong thermal renormalization of the microscopic
bending rigidity. Experimental realizations include covalently-bonded two-dimensional atomically
thin membranes such as graphene and molybdenum disulfide or soft matter systems such as the
spectrin skeleton of red blood cells or diblock copolymers.
PACS numbers: 68.60.Dv, 62.25.Jk, 46.70.-p, 62.20.dq
I. INTRODUCTION
Since the discovery of graphene about ten years ago
[1], atomically thin, two-dimensional (2D) crystals such
as molybdenum disulfide [2], boron nitride [3] and black
phosphorus [4] have attracted considerable attention [5].
While not atomically thin, the spectrin skeleton of red
blood cells [6] and diblock copolymer systems [7] pro-
vide alternative arenas in which to investigate the physics
of membranes and shells, in this case with thicknesses
of order 1-10 nm. Self-consistent statistical field the-
ory treatments of coarse-grained models of polymerized
membranes, flexible elastic sheets and shells predict that
thermally-driven shape undulations (sometimes called
flexural phonons) generate a non-linear stretching term in
the effective free energy in addition to the usual bending
energy contribution [8–10]. The isotropic shape corru-
gations generated by height fluctuations of these flexible
elastic sheets render the dressed bending rigidity strongly
scale-dependent, growing as a power law lη, where l is a
measure of the spatial extent of the shape fluctuations
[11, 12]. The first treatment [11] employed a one-loop
expansion of the bending energy, within a self-consistent
approximation, and gives η = 1. A more elaborate self-
consistent theory allowing for the renormalization of the
in-plane elastic constants yields η = 0.821 [13]. Other ap-
proaches lead to refined values of η analytically [14–18]
and allow comparisons with simulation results [19, 20].
A revealing proxy for the field theory calculation is
provided by a standard piece of writing paper. When
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flat it is very difficult to stretch but is so floppy it cannot
even support its own weight. Randomly crumpling the
paper and then ironing it out introduces ripples or corru-
gations running isotropically across the sheet (the analog
of thermal fluctuations), which is now far stiffer to bend
[21] and can indeed support its own weight. Field the-
ory calculations indicate that thermally induced ripples
have precisely the same dramatic effect on the bending
modulus. Thermally fluctuating flexible elastic sheets are
thus more rigid macroscopically than microscopically. As
opposed to quenched static ripples resulting from, say,
frozen-in grain boundaries arising during sample prepa-
ration, the thermally-induced ripples we study are dy-
namic, which allows us to study their height profile in
frequency space. Recent room temperature experiments
on micron-length graphene ribbons have carefully mea-
sured the macroscopic bending rigidity of the ribbons,
finding values up to four orders of magnitude higher than
the bare value, though the relative contribution from
frozen static ripples and thermal fluctuations remains to
be thoroughly explored [22].
A direct determination from computer simulations
of the effective bending rigidity of a thermalized rib-
bon, clamped on two sides as in the experiments [22],
has, however, been lacking to this point. Here we use
molecular dynamics (MD) to simulate the thermally in-
duced shape fluctuations of atomically thin ribbons like
graphene. Fourier analysis of the time-dependent height
clearly reveals the dominant ribbon eigenmodes. By
tracking the dependence of the eigenfrequency of a fixed
mode on the bare bending rigidity, and taking care of
effects on the eigenfrequency from the tension exerted by
clamped boundaries that impose a fixed projected area,
we find an effective bending rigidity that stiffens, qualita-
tively in agreement with the coarse-grained field theory
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2methods outlined above.
Our method may be used for arbitrary boundary con-
ditions but for simplicity here we clamp both ends of
the ribbon across the whole width to avoid macroscopic
crumpling at small bare bending rigidity and other com-
plications that distract from the main task of uncovering
the fluctuation-dressed effective bending rigidity. Our
boundary conditions effectively impose a constraint of
constant projected area on the ribbon. They can easily
be achieved experimentally via the techniques of Ref. [22]
by fixing the positions of gold pads that anchor the ends
of otherwise freely suspended graphene ribbons in water
at room temperature.
As we demonstrate explicitly with our simulations (see
Fig. 4), the effect of the clamped boundary conditions is
to generate a uniaxial tension that depends on the ratio
of kBT to the bare bending rigidity κ. This tension acts
like an ordering field on membrane normals. The effect of
an isotropic version of this remarkable entropically gener-
ated tension was studied years ago by Guitter et al. [23],
who uncovered a “crumpling transition” associated with
constraints that impose a fixed projected area on the flat
phase of thermally wrinkled materials. See Refs. [24] and
[25] for recent studies of the (nonlinear) response of ther-
malized atomically-thin free-standing materials to both
isotropic and uniaxial tensions. Bonilla and Ruiz-Garcia
[26] have used the saddle point method of Ref. [27] to
study the critical radius and temperature for buckling in
graphene in the large d limit, where d is the embedding or
bulk dimension. For a review of the novel effect of strains
on graphene and other two-dimensional materials, see the
work by Amorim et al. [28]. For an experimental study
of the mechanical properties of free-standing graphene,
see Ref. [29].
II. SIMULATION METHOD
In thin plate elasticity theory the free energy of an
isotropic thin plate can be described as a sum of stretch-
ing and bending terms [30, 31]: Fel = Fs +Fb. With the
membrane represented as a discrete triangular lattice, the
stretching energy is [32–34]
Fs =
ε
2
∑
〈ij〉
(|ri − rj | − a)2 , (1)
and the bending energy is
Fb =
κ˜
2
∑
〈IJ〉
(nˆI − nˆJ)2 , (2)
where ε is the discrete spring constant, a is the equilib-
rium spring length and κ˜ is the discrete bending modu-
lus. As usual 〈ij〉 denotes pairs of nearest-neighbor ver-
tices, with positions ri in 3D Euclidean embedding space
and 〈IJ〉 denotes pairs of triangular plaquettes sharing a
common edge and nˆI are their unit normals. The corre-
sponding continuum moduli are Y = 2ε/
√
3, κ =
√
3κ˜/2
and Poisson ratio ν = 1/3 [32–34]. a is a lattice constant
which we can take as the distance between neighboring
hexagons if we wish to model a honeycomb structure
like graphene. The parameters ε and κ˜ can be adjusted
to match the unrenormalized elastic parameters of, e.g.,
graphene, whose some reported Poisson ratio values are
in the range of 0.14 to 0.46 (see Refs. [35, 36] and refer-
ences therein), not too far from the value ν = 1/3. This
discretized model has been used to study a wide variety of
2D elastic membranes such as viral capsids [33, 37, 38],
graphene [39], pollen grains [40], elastic shells [41] and
capsules [42]. Here we apply this model to investigate
the statistical mechanics of sheets of thin 2D membranes,
with applications to both atomically thin [5] and slightly
thicker materials [6, 7], and to gain an understanding
of the effect of thermal fluctuations on the mechanical
properties of these membranes with clamped boundary
conditions as our primary goal. With graphene as a con-
crete example, we set the equilibrium spring length a to
be
√
3a0, where a0 = 1.42 A˚ is the carbon-carbon bond
length in graphene – thus a ≈ 2.46 A˚. The triangular
lattice we employ is the dual of graphene’s honeycomb
lattice. To give the correct graphene density we take the
mass of every vertex to be m = 2mC ≈ 4 × 10−26 kg,
where mC is the mass of a carbon atom. In Ref. [43], it
was shown that this simplified dual model gives results
consistent with graphene simulations [44] that incorpo-
rate explicitly the energetics of carbon-carbon bonds. We
choose a and m as our units of length and mass and set
a = 1 and m = 1 in all simulations. Figure 1(a) dis-
plays the initial, zero-temperature flat configuration of
the membrane in the x − y plane, with n1 = 32 ver-
tices in the long direction and n2 = 11 vertices stag-
gered along the short direction (L0 ≈ 30a ≈ 74A˚ and
W0 = 5
√
3a ≈ 21A˚). There are 347 vertices in total. We
clamp the edge vertices along the two zigzag boundaries
indicated by the orange lines in Fig. 1 and tag a marked
vertex (shown in red). We perform MD simulations us-
ing the HOOMD-blue [45–47] and the LAMMPS software
packages [48], both giving consistent results. We choose
E0 = 1 eV as the unit of energy and kBT = 0.025 eV (cor-
responding to room temperature) in all simulations. The
elastic free energy is calculated as the sum of the stretch-
ing and bending energies given in Eqs. (1) and (2), with
unrenormalized elastic parameters κ = 1.2 eV = 48 kBT
[49, 50] and Y = 20 eV/A˚
2
= 800 kBT/A˚
2
[51, 52] as
parameter estimations for graphene. The discrete pa-
rameters ε and κ˜ follow from the relations above. After
giving the free vertices a small random out-of-plane dis-
placement, we update their positions in the constant tem-
perature (NVT) ensemble. The simulation unit of time
thus corresponds to a real time t0 = ma
2/E0 ≈ 0.12ps.
Finally we set the integration time step to be 0.005. Ev-
ery simulation timestep τ thus corresponds to a real time
τ = 0.005 t0 ≈ 0.6 fs (movie 1).
3FIG. 1. (Color online) (a) A triangulated membrane with
n1 = 32 vertices along the length and n2 = 11 vertices, in
staggered form, along the width. The vertices in the two
zigzag boundaries are clamped (orange lines). We label a
particular vertex on the front edge with a large red dot. The
snapshot was generated using the Visual Molecular Dynam-
ics (VMD) package [53] and rendered using the Tachyon ray
tracer [54]. (b) Energies of the system during the first 8×105
timesteps. (c) Height of the red vertex as a function of time
after equilibrating for 4 × 105 time steps. (d) The Fourier
amplitudes of the first six peaks in the frequency domain of
the height function of the red vertex over 107 timesteps. The
light green shaded rectangle near p2 is explained in the text.
III. RESULTS AND DISCUSSION
We log a sample configuration every 100 simulation
timesteps. Figure 1(b) shows the kinetic, stretching and
bending energy profiles for the first 8×105 timesteps in a
run of 107 timesteps in all. The ribbon equilibrates after
FIG. 2. (Color online) (a) The root mean square height hrms
of the height profile (e.g., Fig. 1(c) for the labeled vertex) as
a function of position on the ribbon. (b) The corresponding
hrms for the first six modes in Fig. 1(d).
roughly 3×105 timesteps. Figure 1(c) displays the time-
dependent height (z-coordinate) of a tagged vertex (the
red vertex in Fig. 1(a)) for 105 timesteps after equilib-
rium. The vertex fluctuates about the x−y plane (z = 0).
To get a better understanding of the height fluctuations,
we Fourier transform the height profile of Fig. 1(c) and
plot the amplitude of the first six peaks in frequency
space in Fig. 1(d). The root mean square height of the
membrane (Fig. 2(a)) has contributions from all the ex-
cited modes. To extract the contribution from a given
mode we select the appropriate peak in the frequency do-
main by applying a window function as illustrated by the
light green shading centered on peak 2 (p2) in Fig. 1(d).
We then inverse Fourier transform to extract the time
profile of the height for this mode. The same window
4filter is used for all vertices. Figure 2(b) displays the
first six modes. As stiff, atomically thin materials like
graphene bend more readily than they stretch, the in-
plane displacements of a vertex are small compared to
the out-of-plane displacement, and we can neglect varia-
tions of the x and y coordinates of vertices when plotting
Fig. 2. The frequency of a peak is determined as the
center of the best fit to a Gaussian. On the other hand,
the ribbon is well-approximated by a thin elastic plate
[55–57]. We calculate the frequencies of eigenmodes of a
rectangular plate of dimension L0 ×W0, with clamped-
clamped boundary conditions along the edges of length
W0, free-free boundary conditions along the remaining
edges, using the classical plate theory [58, 59]. We find
that the lowest six modes are, in order of ascending fre-
quency, (1, 0), (1, 1), (2, 0), (2, 1), (3, 0) and (3, 1) ( i and
j in the mode index (i, j) are equal to the number of
crossing points with the x − y plane in the x direction
(clamped boundaries not included) plus 1, and the num-
ber of crossing points in the y direction, respectively),
matching the height maps in Fig. 2. We now explore the
dependence of the eigenfrequencies on the bare bending
rigidity κ (keeping Y fixed), thus enhancing the impor-
tance of out of plane thermal fluctuations since we keep
temperature fixed at kBT = 0.025 eV (room tempera-
ture). Figure 3(a) plots the eigenfrequencies of the low-
est four modes as a function of κ. The straight lines
are predictions of the classical plate theory (assuming
straight boundary conditions and no pre-tension), where
the frequency f ∼ κ1/2. When κ is large (κ ≥ 100kBT ),
the frequencies of the eigenmodes are close to those ex-
pected by the classical plate theory; when κ is small
(κ ≤ 1kBT ), however, the frequencies can be orders of
magnitude higher than their predicted values. Indeed,
the eigenfrequencies tend to a constant as the bare κ van-
ishes. Note also that an additional mode (1,2), shown in
Fig. 3(b), which is a high frequency mode predicted by
the plate theory (not among the six modes in Fig. 2),
joins the low frequency modes of classical plate theory in
the small κ range.
The increase of these resonant frequencies has two ori-
gins. The first is thermal contraction. At zero tempera-
ture (without any initial perturbation), the ribbon is flat;
at finite temperature, the ribbon tends to contract due
to entropy [23, 60]. In other words, the projected area of
a ribbon at finite temperature (if the clamps at the ends
of the longer L0 direction are allowed to slide) is smaller
than that of the flat configuration at T = 0 [61]. When
we clamp the two opposite ends at, e.g., the length of the
zero-temperature flat configuration L0, the fixed bound-
aries are effectively pulling on the ribbon as it vibrates
which raises the eigenfrequencies. The second cause is
the stiffening effect of shape undulations resulting from
thermal fluctuations, as outlined in the Introduction.
To account for the effect of thermal contractions in
the presence of clamping, and isolate contributions due
solely for thermal ripples, we measure the tension ex-
erted by the boundaries. For this purpose it is easier to
FIG. 3. (Color online) (a) Log-log plot of the frequencies of
modes for various κ values. Lines are the predictions of the
thin plate theory. (b) The configuration of the (1,2) mode
that appears in the small κ range.
study a ribbon with one clamped end and one sliding end.
The sliding end is constructed as shown in the inset of
Fig. 4. We constrain the 11 vertices in the zigzag bound-
ary to move in x direction (using the lineforce command
in LAMMPS) and choose the edges connecting these ver-
tices to have a high spring constant. These vertices will
then move together horizontally. We have taken into
consideration the corresponding subtraction of the total
number of degrees of freedom in the simulation. When
κ is large the sliding end fluctuates and the amplitude of
fluctuation is small (movie 2). As κ decreases, the am-
plitude of fluctuations gets larger until κ . 1kBT , where
the ribbon crumples (movie 3 and 4). We then add a
horizontal force on the sliding end. We increase the force
gradually until the ribbon is pulled back to have pro-
jected length Lp equal to its zero-temperature length L0.
The crumpled ribbon becomes flat when the force is large
enough (movie 5). Figure 4 plots the measured force F
on each vertex at the sliding end as a function of κ. When
κ is large the force is small. As κ decreases the force in-
creases until the small κ range, where the force tends to
a constant. The response of thermalized ribbons to this
type of pulling (as well as bending) has been analyzed
in Ref. [24] and the non-Hookean statistical mechanics
of thermalized ribbons clamped at one end only, with
the associated scale-dependent stiffening of the bending
rigidity, studied in Ref. [43].
We then use COMSOL to solve the vibration of a plate
5FIG. 4. (Color online) Force F on each vertex at the sliding
end needed to pull the ribbon back to the flat configuration.
Inset: The sliding end with an external force applied to a
zigzag array of vertices at the right edge. Vertices in the
sliding end (yellow) are constrained to move in the x direction
and connected by edges with a high spring constant (thick
blue lines). The red arrow indicates the κ value of graphene.
subjected to an in-plane tension along the long direction.
We use the 2D Plate modulus in COMSOL to simulate
the ribbon subject to an in-plane stress given by 11F/W0,
corresponding to a force on each of the 11 vertices on
the right side of the ribbon (inset to Fig. 4). We sweep
over the bending rigidity κC (C is short for COMSOL,
to distinguish it from the bending rigidity in MD sim-
ulations) of the ribbon, until the frequency of a certain
mode matches that of the MD simulation. We call this
κC the effective bending rigidity κeff. As an example,
Fig. 5 plots κeff of the (1, 1) mode as a function of κ. In
the small κ range κeff tends to be constant and is of order
several kBT (see inset of Fig 5). On the other hand, the
self-consistent theory of elastic membranes implies that
non-linear stretching results in a renormalized bending
rigidity κR determined by the integral equation [11]
κR(~q) = κ+ kBTY
∫
d2k
(2pi)
2
[
qˆiP
T
ij
(
~k
)
qˆj
]2
κR(~q + ~k)|~q + ~k|4 + σij(~q + ~k)i(~q + ~k)j
, (3)
where ~q is the wave vector, qˆ is the corresponding unit
vector, PTij
(
~k
)
= δij − kikj/k2 is the transverse projec-
tion operator and σij is an external edge tension [24][62].
In our case σxx = 11F/W0 and other components of σij
vanish. When κ is large, the correction term is small com-
pared to the bare κ and thus κR(~q) ≈ κ. In the small κ
limit, as the external force tends to a constant (Fig. 4),
we expect from Eq. (3) that κR(~q) will also tend to a con-
stant. We now estimate this limiting value. Taking, as
the lowest order approximation, κR(~q+~k) ≈ κR(~q) on the
right hand side of Eq. (3) and approximating the (1, 1)
mode shape by ~q = (pi/L0, pi/W0) , with the upper and
lower limits for ~k being kmax = pi/a and kmin = pi/L0,
we solve Eq. (3) numerically and obtain κR(~q) ≈ 21kBT .
With kmax = pi/a and kmin = pi/W0, κR(~q) ≈ 13kBT .
Thus κR(~q) is consistent with our determination of the ef-
fective bending rigidity. There are, however, several pos-
sible sources of discrepancy. There may be higher order
corrections to κR(~q). In addition, the frequency given by
COMSOl is only accurate for small amplitudes, whereas
we necessarily have finite amplitudes. There may also be
corrections due to the scale dependence of the Young’s
modulus and the Poisson ratio which we neglect. Finally,
there can be finite-size effects associated with the bound-
ary conditions.
The order of the modes also puts constraints on κeff.
FIG. 5. (Color online) The effective bending rigidity κeff of
the (1,1) mode as a function of the bare bending rigidity κ.
Red line: Average of the four points in the small κ range.
Inset: Zoom in of the small κ range.
In the MD simulation the frequencies and shapes of the
modes and the forces needed to pull the ribbon back to
a projected length Lp = L0, all approach limiting values,
in the small κ limit. When we sweep over κC to match
the frequency of a certain mode in COMSOL, in con-
trast, we find that the order of modes changes with κC .
6TABLE I. Lowest six modes ordered by frequency when
sweeping over κC in COMSOL, with the stress 11F/W0 and
F = 0.768 ev/a fixed.
κC (kBT ) 1 2 3 4 5 6
0.1 (1,2) (1,3) (1,4) (1,5) (2,2) (2,3)
1 (1,0) (1,1) (1,2) (1,3) (2,0) (2,1)
5 (1,0) (1,1) (1,2) (2,0) (2,1) (2,2)
14.4 (1,0) (1,1) (2,0) (1,2) (2,1) (2,2)
20.8 (1,0) (1,1) (2,0) (2,1) (1,2) (3,0)
However, at κC = κeff not only the frequency matches
but also the order of modes matches. More exactly, for
the small κ range (κ ≤ 1kBT ), if we only want the order
of the modes in COMSOL to match that in MD sim-
ulation, then κeff is confined to be about 2 ∼ 12kBT
(see e.g., κC = 5kBT in Table. I). If there is no renor-
malization, the eigenmodes for small κC values at this
relatively large stress (F = 0.768 ev/a corresponding to
the force at κ = 0.1kBT in the MD simulation ), exhibit
wrinkles only along the unstretched direction (e.g., the
(1,4), (1,5) modes at κC = 0.1kBT in Table. I). These
modes are similar to the profile of an elastic membrane
stretched along one direction (see, e.g., Ref. [63]). Thus
the order of the modes also supports the presence of a
strong thermal renormalization.
IV. CONCLUSIONS
In summary, we have used molecular dynamics and a
simple coarse-grained model to simulate atomically thin
2D membranes and study their thermally-induced fluc-
tuations. We have identified the eigenmodes of the sys-
tem and find that thermal effects significantly change
the eigenfrequencies predicted by classical plate theory,
qualitatively consistent with the scale-dependent renor-
malized bending rigidity predicted by the statistical field
theory of elastic membranes.
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Appendix A: Movies
Movie 1 shows the vibration of a two-end clamped
ribbon with κ = 48 kBT over a period of time after
reaching equilibrium. The configuration is logged every
500τ . Movies 2 to 4 show the evolution of a ribbon with
one-clamped end and the opposite end sliding, and with
κ = 48, 1, 0.001 kBT , respectively, starting from the ini-
tial perturbed configuration. As κ decreases, the sliding
end first fluctuates with a small amplitude, then with a
larger amplitude, and finally crumples. The frequency
of logging is 500τ , 600τ , 500τ , respectively. Movies 5
has the same setup as that in movie 4, but with a hor-
izontal force F = 0.8 ev/a on each vertex at the sliding
end. The ribbon remains flat over the simulation time.
In all movies, the geometric parameters and the tempera-
ture are the same as those in the main text. The clamped
ends are colored yellow and the sliding ends blue. Movies
can be found in Ref. [64].
[1] K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang,
M. I. Katsnelson, I. V. Grigorieva, S. V. Dubonos, and
A. A. Firsov, Nature 438, 197 (2005).
[2] Q. H. Wang, K. Kalantar-Zadeh, A. Kis, J. N. Coleman,
and M. S. Strano, Nat. Nanotechnol. 7, 699 (2012).
[3] L. Song, L. Ci, H. Lu, P. B. Sorokin, C. Jin, J. Ni, A. G.
Kvashnin, D. G. Kvashnin, J. Lou, B. I. Yakobson, and
P. M. Ajayan, Nano. Lett. 10, 3209 (2010).
[4] L. Li, Y. Yu, G. J. Ye, Q. Ge, X. Ou, H. Wu, D. Feng,
X. H. Chen, and Y. Zhang, Nat. Nanotechnol. 9, 372
(2014).
[5] A. K. Geim and I. V. Grigorieva, Nature 499, 419 (2013).
[6] C. F. Schmidt, K. Svoboda, N. Lei, I. B. Petsche, L. E.
Berman, C. R. Safinya, and G. S. Grest, Science 259,
952 (1993).
[7] H. C. Shum, J.-W. Kim, and D. A. Weitz, J. Am. Chem.
Soc. 130, 9543 (2008).
[8] D. Nelson, T. Piran, and S. Weinberg, eds., Statistical
Mechanics of Membranes and Surfaces, 2nd ed. (World
Scientific, Singapore, 2004).
[9] M. J. Bowick and A. Travesset, Phys. Rep. 344, 255
(2001).
[10] J. Paulose, G. A. Vliegenthart, G. Gompper, and D. R.
Nelson, Proc. Natl. Acad. Sci. 109, 19551 (2012).
[11] D. R. Nelson and L. Peliti, J. Phys. (Paris) 48, 1085
(1987).
[12] Y. Kantor and D. R. Nelson, Phys. Rev. A 36, 4020
(1987).
[13] P. L. Doussal and L. Radzihovsky, Phys. Rev. Lett. 69,
1209 (1992).
[14] D. Gazit, Phys. Rev. E 80, 041117 (2009).
[15] J.-P. Kownacki and D. Mouhanna, Phys. Rev. E 79,
040101(R) (2009).
[16] F. L. Braghin and N. Hasselmann, Phys. Rev. B 82,
035407 (2010).
7[17] A. Tro¨ster, Phys. Rev. B 87, 104112 (2013).
[18] A. Tro¨ster, Phys. Rev. E 91, 022132 (2015).
[19] M. J. Bowick, S. M. Catterall, M. Falcioni, G. Thorleif-
sson, and K. N. Anagnostopoulos, J. Phys. I France 6,
1321 (1996).
[20] J. H. Los, M. I. Katsnelson, O. V. Yazyev, K. V.
Zakharchenko, and A. Fasolino, Phys. Rev. B 80,
121405(R) (2009).
[21] A. Kosˇmrlj and D. R. Nelson, Phys. Rev. E 88, 012136
(2013).
[22] M. K. Blees, A. W. Barnard, P. A. Rose, S. P. Roberts,
K. L. McGill, P. Y. Huang, A. R. Ruyack, J. W. Kevek,
B. Kobrin, D. A. Muller, and P. L. McEuen, Nature 524,
204 (2015).
[23] E. Guitter, F. David, S. Leibler, and L. Peliti, J. Phys.
(France) 50, 1787 (1989).
[24] A. Kosˇmrlj and D. R. Nelson, Phys. Rev. B 93, 125431
(2016).
[25] I. V. Gornyi, V. Y. Kachorovskii, and A. D. Mirlin, 2D
Mater. 4, 011003 (2017).
[26] L. L. Bonilla and M. Ruiz-Garcia, Phys. Rev. B 93,
115407 (2016).
[27] F. Guinea, P. L. Doussal, and K. J. Wiese, Phys. Rev.
B 89, 125428 (2014).
[28] B. Amorim, A. Cortijo, F. de Juan, A. G. Grushin,
F. Guinea, A. Gutie´rrez-Rubio, H. Ochoa, V. Parente,
R. Rolda´n, P. San-Jose, J. Schiefele, M. Sturla, and
M. A. H. Vozmediano, Phys. Rep. 617, 1 (2016).
[29] R. J. T. Nicholl, H. J. Conley, N. V. Lavrik, I. Vlassiouk,
Y. S. Puzyrev, V. P. Sreenivas, S. T. Pantelides, and
K. I. Bolotin, Nat. Commun. 6, 8789 (2015).
[30] L. D. Landau and E. M. Lifshitz, Theory of Elasticity,
3rd ed. (Butterworth-Heinemann, Singapore, 1999).
[31] B. Audoly and Y. Pomeau, Elasticity and Geometry (Ox-
ford University Press, Oxford, UK, 2010).
[32] H. S. Seung and D. R. Nelson, Phys. Rev. A 38, 1005
(1988).
[33] J. Lidmar, L. Mirny, and D. R. Nelson, Phys. Rev. E
68, 051910 (2003).
[34] B. Schmidt and F. Fraternali, J. Mech. Phys. Solids 60,
172 (2012).
[35] C. D. Reddy, S. Rajendran, and K. M. Liew, Nanotech-
nology 17, 864 (2006).
[36] G. Cao, Polymers 6, 2404 (2014).
[37] T. T. Nguyen, R. F. Bruinsma, and W. M. Gelbart,
Phys. Rev. E 72, 051923 (2005).
[38] A. Sˇiber, Phys. Rev. E 73, 061915 (2006).
[39] T. Zhang, X. Li, and H. Gao, J. Mech. Phys. Solids. 67,
2 (2014).
[40] E. Katifori, S. Alben, E. Cerda, D. R. Nelson, and J. Du-
mais, Proc. Natl. Acad. Sci. 107, 7635 (2010).
[41] D. Wan, M. J. Bowick, and R. Sknepnek, Phys. Rev. E
91, 033205 (2015).
[42] G. A. Vliegenthart and G. Gompper, New J. Phys. 13,
045020 (2011).
[43] M. J. Bowick, A. Kosˇmrlj, D. R. Nelson, and R. Sknep-
nek, https://arxiv.org/abs/1608.04197.
[44] K. V. Zakharchenko, R. Rolda´n, A. Fasolino, and M. I.
Katsnelson, Phys. Rev. B 82, 125435 (2010).
[45] http://codeblue.umich.edu/hoomd-blue.
[46] J. A. Anderson, C. D. Lorenz, and A. Travesset, J. Com-
put. Phys. 227, 5342 (2008).
[47] J. Glaser, T. D. Nguyen, J. A. Anderson, P. Lui, F. Spiga,
J. A. Millan, D. C. Morse, and S. C. Glotzer, Comput.
Phys. Commun. 192, 97 (2015).
[48] S. Plimpton, J. Comput. Phys. 117, 1 (1995).
[49] R. Nicklow, N. Wakabayashi, and H. G. Smith, Phys.
Rev. B 5, 4951 (1972).
[50] A. Fasolino, J. H. Los, and M. I. Katsnelson, Nat. Mater.
6, 858 (2007).
[51] C. Lee, X. Wei, J. W. Kysar, and J. Hone, Science 321,
385 (2008).
[52] H. Zhao, K. Min, and N. R. Aluru, Nano. Lett. 9, 3012
(2009).
[53] W. Humphrey, A. Dalke, and K. Schulten, J. Mol.
Graphics 14, 33 (1996).
[54] J. E. Stone, Master’s thesis, Computer Science Depart-
ment, University of Missouri-Rolla (1998).
[55] R. Chowdhury, S. Adhikari, F. Scarpa, and M. I.
Friswell, J. Phys. D: Appl. Phys. 44, 205401 (2011).
[56] Y. Chandra, R. Chowdhury, F. Scarpa, S. Adhikari,
J. Sienz, C. Arnold, T. Murmu, and D. Bould, Mater.
Sci. Eng. B 177, 303 (2012).
[57] R. Liu and L. Wang, Sci. China Phys. Mech. Astron. 55,
1103 (2012).
[58] R. D. Blevins, Formulas for Natural Frequency and Mode
Shape (Krieger Publishing Company, Malabar, FL, USA,
1984).
[59] A. W. Leissa, Vibration of Plates (National Aeronautics
and Space Administration, Washington, D.C., 1969).
[60] E. Guitter, F. David, S. Leibler, and L. Peliti, Phys.
Rev. Lett. 61, 2949 (1988).
[61] X. Liang and P. K. Purohit, J. Mech. Phys. Solids. 90,
29 (2016).
[62] R. Rolda´n, A. Fasolino, K. V. Zakharchenko, and M. I.
Katsnelson, Phys. Rev. B 83, 174104 (2011).
[63] A. Takei, F. Brau, B. Roman, and J. Bico, Europhys.
Lett. 96, 64001 (2011).
[64] https://mjbowick.expressions.syr.edu/
thermal-stiffening-of-clamped-elastic-ribbons/.
